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Abstract
We present two dimensional sigma model by using the Nambu structure on a manifold in general, and
on a Lie group as a special case. Then, we consider model constructed from Nambu structure of order three
and obtain conditions under which this model is equivalent to a WZW model. Furthermore, we present an
example for this case on the four dimensional Heisenberg Lie group. Finally, as another example we show
that the model constructed with Nambu structure of order three on the central extension of the 2D Poincare
Lie group is integrable.
1 Introduction
Two dimensional sigma models have important role in string theories [1]-[3], statistical and quantum mechanical
solvable models [4],[5]. Their symmetries are deeply depend on the geometry of their target spaces. The metric
and antisymmetric tensor fields in the sigma model in general have no special structures. Of course up to now
there are some attempts to use the special geometric structures in the model. For example, in the Poisson
sigma model [6] the Poisson structure is used in the model. The advantage of this model is that it contains
other two dimensional field theories (such as two dimensional Yang-Mill, two dimensional gravity, BF model,
topological sigma model and gauged WZW models) as special cases. Another example is the Hitchin sigma
model [7] such that in these models the generalized complex geometry conditions are obtained from a master
equation of the master action (sigma model) [8] containing the generalized geometric structures. Our main idea
is the construction of different sigma models from different geometric structures on the manifolds [9]. In this
direction, in our previous work [10] we presented Nijenhuis sigma model. Here, we present Nambu sigma model
constructed from Nambu structure on the manifold.
The paper is organized as follows. In section two we review some basic definitions and properties of the Nambu
structure. Then, in section three by use of the Nambu structures of any order (even or odd) and an antisymmetric
tensor of second rank, we present Nambu sigma models; specially we focus on the models constructed by Nambu
structure of order three and investigate these models on Lie groups. After obtaining the conditions under which
the Nambu sigma model is equivalent to the WZW model; in section four we present two examples: the Nambu
sigma models on the Heisenberg and 2D extantion of Poincare Lie group. In the former we show that the model
is equaivalent to the WZW models and then in section five we show that the second model is an integrable
model.
2 Some basic definitions
In this section for self containing of the paper we review some basic definitions on Nambu structure. In 1973
Nambu [11] studied a dynamical system which was defined as a Hamiltonian system with respect to Poisson-like
bracket, defined by a Jacobian determinant. About two decades later Takhtajan [12] by using an axiomatic
formulation for n-bracket introduced the concept of Nambu structure and gave the basic properties and geometric
formulations of Nambu manifolds. This new approach motivated a series of papers about some new concepts in
relation to Nambu structure; also another generalization was the so-called generalized Poisson bracket [13]; (a
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comparison of both concepts was given in[14]). A C∞ manifold endowed with a Nambu tensor (a skew-symmetric
contravariant tensor field) is called Nambu manifold if the induced bracket satisfies the fundamental identity,
which is generalization of the usual Jacobi identity [15]-[19]. Let M be a smooth n-dimensional manifold and
C∞(M) denotes the algebra of differentiable real-valued functions on M . A Nambu structure of order m is
given by an m-dimensional multivector field, i.e. a C∞(M)-skew multilinear map
η : Ω(M)× ...× Ω(M) −→ C∞(M), (1)
where Ω(M) is the set of one forms on M ; such that in terms of the local coordinates (x1, x2, ...xn) we have
η = ηµi1 ...µim (x)
∂
∂xµi1
∧
∂
∂xµi2
... ∧
∂
∂xµim
, (2)
where summation over repeated indices is understood. In this manner one can define the bracket of m functions
f1, ..., fm ∈ F(M) as follows:
{f1, f2, ..., fm} = η(df1, df2, ..., dfm), (3)
note that the left hand side of the above equation is the Nambu bracket of m functions which is the generalize
action of the Poisson bracket. Furthermore, since the bracket satisfies Leibnitz rule, one can define a vector
field Xf1,...,fn−1by
Xf1,...,fn−1(g) = {f1, ..., fn−1, g} ∀f1, ..., fn−1, g ∈ F(M), (4)
where this vector field is called Hamiltonian vector field; the space of Hamiltonian vector field is denoted by H.
Definition 1:[19]-[21]An element η ∈ Γ(ΛmTM), for m ≥ 3 is called a Nambu tensor of order m if it satisfies
LXη = 0, for all X ∈ H; where L stands for Lie derivative.
The above definition is clearly equivalent to the following fundamental identity [12]
{f1, ..., fn−1, {g1, ..., gn}} = {{f1, ..., fn−1, g1}, g2..., gn}+ {g1, {f1, ..., fn−1, g2}, g3..., gn}
+...+ {g1, ...gn−1, {f1, ..., fn−1, gn}}, (5)
for all f1, ..., fn−1, g1, ..., gn ∈ C
∞(M). If n = 2, this equation is nothing but the Jacobi identity for the Poisson
structures. In Ref. [22], we have found the Nambu structures of order three and four on real four dimensional Lie
groups. Now, in the next section by use of the Nambu structures of any order in general, and as an example in
the especial case of order three we present a two dimensional sigma model (Nambu sigma model) on a manifold
in general and on a Lie group as a special case. As an example, some sigma models constructed from Nambu
structure of order m = 3 are also considered.
3 Nambu-Sigma model
Now, we assume that the manifold M has the Nambu structure up to top order n ( ηµ1,...,µn), a 2-form wµν and
also a 3-form Hµνλ; then one can construct the following actions by using of the Nambu structure with even
order and odd order, respectively1
S1 =
2k∑
j,l=1
∫
Σ
d2σεαβηµi1µi2 ...µi2kwµi1µi2 ...wˆµijµil ...wµi2k−1µi2kGµijλGµilν∂αx
λ∂βx
ν , (6)
S2 =
2k+1∑
j,l=1
∫
B
d3σεαβγηµi1µi2 ...µi2k+1Hµi1µi2µi3 ...Hˆµijµilµip ...Hµi2k−1µi2kµi2k+1
×Gµij ρGµilνGµipλ∂αx
ρ∂βx
ν∂γx
λ, (7)
1Here “ˆ” stands for omitted term.
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where B is a three-dimensional manifold with boundary ∂B = Σ, and the coordinates xµ are maps from Σ to
M(such that those can be extend in an arbitrary fashion to the maps from B to M). In this way, by adding
these actions to the following chiral action:
Sch =
∫
Σ
d2σGµν∂αx
µ∂αxν , (8)
we construct new two dimensional sigma models, which we call two dimensional Nambu sigma models.2 Note
that these models in general are not conformal or integrable, and one can obtain conditions on η, w and H
under which these models have the above properties.
Here, among these models we focus on the following model constructed only by Nambu structure of order three
SNs =
∫
Σ
d2σGµν∂αx
µ∂αxν + k
∫
B
d3σǫαβγη
µνλGµηGνρGλσ∂
αxη∂βxρ∂γxσ. (9)
Note that for this cases the forms w and H have disappeared and also k is a parameter. In this general form, this
new model is not conformal or integrable; but one can find conditions by imposing conformality or integrability
to the model. Here, we focus on the model (9) over a Lie group. The Nambu sigma model on a Lie group G
can be written as follows:
SNs =
∫
Σ
Ωij(g
−1
dg)i ∧ (g−1dg)j + k
∫
B
η
ijkΩilΩjmΩkn(g
−1
dg)l ∧ (g−1dg)m ∧ (g−1dg)n, (10)
∀g ∈ G, such that with the assumption {Xi} as a basis of Lie algebra g of the Lie group G we have g
−1dg =
(g−1dg)iXi = e
i
µdx
µ. Here, eiµ is vierbein such that the metric and Nambu structure of order three on the
Lie group G can be written as Gµν = e
i
µΩije
j
ν , η
µνλ = ηijke µi e
ν
j e
λ
k where Ωij and η
ijk are the metric and
Nambu structure on the Lie algebra g, and e µi is the inverse of e
i
µ. Note that when η
µνλ is a constant or is
a linear function of the coordinates xµ, then our model ((9) or (10)) in general is not conformal or integrable.
Here we obtain condition on the algebraic Nambu structure ηijk such that the second term in the model (10)
is the same as the WZW term. We know that the WZW term can be written as follows:
Iwzw =
∫
B
< (g−1dg) ∧ [g−1dg ∧ g−1dg] >=
∫
B
(g−1dg)l ∧ (g−1dg)m ∧ (g−1dg)nf imnΩli. (11)
Now by comparing this term with the second term of (10) we will obtain the following relation between the
Nambu structure ηijk and structure constant f ijk on the Lie algebra
f imn = η
ijkΩjmΩkn, (12)
or in the matrix form
Yi = −ΩηiΩ, (13)
where (Yi)mn = −f
i
mn is the adjoint representation of the Lie algebra g and (η
i)kj = ηikj . Note that this
relation is compatible with the ad-invariant metric Ω (the metric satisfies the relation χiΩ = −(χiΩ)
t with
(χi)
n
m = −f
n
im). In this way, we see that for some special examples, where (13) holds, the Nambu sigma model
is reduced to the WZW model as a special case. In other words according to the C theorem [24] this Nambu
sigma model with the above property is a fixed point of the RG flow of the general Nambu sigma model with
Nambu structure of order three. Now, in the following we present an example for this case and also other
example for the model (10) on the Lie group which is integrable.
4 Examples
In this section we consider two examples for the Nambu sigma model on a Lie group with Nambu structure of
order three (model (10)).
2Note that these sigma models, are different from the models presented in [23].
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a) We first consider the four dimensional Heisenberg Lie group. This Lie group has Lie algebra which is
isomorphic with the A4,8 in the Petra and et al. [25] classification of four dimensional real Lie algebras. We
have the following commutation relations for this algebra
[P2, T ] = P2, [P2, J ] = P1, [T, J ] = J, (14)
where we use the generators Xi = {P1, P2, J, T }. Recently in [22], we have obtained the Nambu structures of
order four and three for its related Lie sub group; such that a Nambu structure of order three has the following
form
η = (q2a2 + q3u)
∂
∂a1
∧
∂
∂a2
∧
∂
∂u
. (15)
By use of the following parametrization for the Lie group elements g ∈ A4,8
g = eΣiaiPieuJevT , (16)
and vierbein [22]
eiµ = k


1 u 0 0
0 ev 0 0
0 0 e−v 0
0 0 0 1

 , (17)
and after some calculations we obtain
ηijk = −1. (18)
We see that for this example the relation ((12) or (13)) holds with the following ad-invariant metric for A4,8
[22]
Ωij =


0 0 0 −k
0 0 k 0
0 k 0 0
−k 0 0 b

 . (19)
In other words, the Nambu model (10) on Lie group A4,8 is reduced to the WZW model.
b)The second model we will consider in the following is the Nambu sigma model based on a certain non-
semi-simple Lie algebra of dimension four. This Lie algebra has the following explicit description:
[J, Pi] = εijPi, [Pi, Pj ] = εijT, [T, J ] = [T, Pa] = 0. (20)
Indeed this Lie algebra is a central extension of the 2D Poincare´ algebra which is reduced to Euclidian algebra,
when one sets T = 0. The corresponding simply-connected Lie group is called R [26]3.
For writing the action of the Nambu sigma model (10) we use the following parametrization of the Lie group
manifold of the above Lie algebra [26]
g = eΣiaiPieuJ+vT . (21)
In this way, the left invariant 1-forms and vector fields are obtained as follows[26]
g−1dg = (cosu dak + εjksinu dak)Pk + dkuJ + (dv +
1
2
εjkakdaj)T, (22)
X1 = cosu
∂
∂a1
+ sinu
∂
∂a2
− a2cosu
∂
∂v
, (23)
X2 = −sinu
∂
∂a1
+ cosu
∂
∂a2
+ a2sinu
∂
∂v
, (24)
X3 =
∂
∂u
X4 =
∂
∂v
. (25)
3Note that the Lie algebra (20) is isomorphic with the Lie algebra A4,10 of [25].
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In [22], we have obtained the Nambu structure of order four and three for this Lie group; where the Nambu
structure of order three has the following form
η = (q1a1 + q2a2)
∂
∂a1
∧
∂
∂a2
∧
∂
∂v
. (26)
The Nambu structure of order three on the extension of the 2D Poincare can also be written as follows [22]:4
J =
∂
∂a1
∧
∂
∂a2
∧
∂
∂v
, (27)
such that η124 = 1. Now using (22) and the following Lie algebra metric Ωij [26]
Ωij = k


1 0 0 0
0 1 0 0
0 0 b 1
0 0 1 0

 , (28)
one can obtain the first term of the action (10) as the first term of (9) with the following metric [26]
Gηµ =


1 0 a2
2
0
0 1 −a1
2
0
a2
2
−a1
2
b 1
0 0 1 0

 . (29)
In the same way, using the above Nambu structure (27) and the Lie algebra metric Ωij , the second term of
Nambu sigma model action (10) can be integrated as follows:∫
Σ
d2σ2εαβ(a1∂
αa2∂
βu+ u∂αa1∂
βa2 + a2∂
αu∂βa1), (30)
such that by comparison of the above term with the second term of the following action
SNs =
∫
Σ
d2σ(Gµν∂αx
µ∂αxν +Bµνεαβ∂
αxµ∂βxν), (31)
we have
Bµν =


0 u −a2 0
−u 0 a1 0
a2 a1 0 0
0 0 0 0

 , (32)
where in this action xµ = (a1, a2, u, v). By comparing this action with the WZW action on R [26], i.e.,
Swzw(g) =
∫
Σ
d2σ(Gµν∂αX
µ∂αXν + iBµνεαβ∂
αXµ∂βXν), (33)
we find out that the only difference between two models, is the antisymmetric matrix B, whose non zero
components in WZW action is just B12 = u, whereas in Nambu sigma model we have other non zero components
B13 = −a2, B23 = a1; such that this model is not conformal. Here, we prove that this model is integrable. For
this purpose, in the following section we use the method presented by Mohammedi [27].
5 The integrability of the Nambu-Sigma model on the central ex-
tension of the 2D Poincare Lie group
In this section for self containing of the paper we give a short review on the integrability of a sigma model,
recently presented by Mohammedi in [27]. Consider the following Sigma model action
SNs =
∫
Σ
d2σ(Gµνδ
β
α +Bµνε
β
α)∂
αxµ∂βx
ν , (34)
4Indeed this is the Nambu structure of top order for the Lie subalgebra of 2D Poincare algebra with basis A3,1 : {X1,X2,X4}[22].
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the equations of motion for this model can be written as the following Lax pair
[∂0 + αµ(x)∂0x
µ]ψ = 0, (35)
[∂1 + βν(x)∂1x
ν ]ψ = 0, (36)
if the matrices αµ(x) and βν(x) satisfy the following relations [27]
βµ − αµ = µµ, (37)
∂µβν − ∂ναµ + [αµ, βν ] = Ω
λ
µνµµ, (38)
with
Ωτµν = Γ
τ
µν −H
τ
µν , (39)
where equation (38) can then be rewritten by splitting symmetric and anti-symmetric parts as follows:
0 = ∇µµν +∇νµµ − 2Γ
τ
µν , (40)
Fµν = −
1
2
(∇µµν −∇νµµ)−H
τ
µνµτ . (41)
In the above formula Γτµν is the chiristofel coefficients and
Hτµν =
1
2
gτλ(∂λbµν + ∂νbλµ + ∂µbνλ), (42)
such that the field Fµν and covariant derivative corresponding to the matrices αµ are given as follows:
Fµν = ∂µαν − ∂ναµ + [αµ, αν ],
∇µX = ∂µX + [αµ, X ]. (43)
In this manner, the integrability condition of the sigma model (34) is equivalent to finding the matrices αµ, µµ
such that they satisfy (40) and (41).
Now, we apply this formalism to the two dimensional Nambu sigma model (31) on the non-semi-simple Lie
algebra (20). In order to find some solutions, we proceed by fixing some of these unknowns quantities with the
assumption
αµ = xe
i
µXi,
µµ = ye
j
µXj , (44)
where the indices of the Lie algebra i, j, k, ... have the same range as those of the target space of the sigma
model µ, ν, .... We will use the fact that the gauge condition Aµ = g
−1∂µg = e
i
µTi satisfies the Bianchi identity
∂µAν − ∂νAµ + [Aµ, Aν ] = 0. As mentioned above, the inverse of the vierbains e
i
µ are denoted by e
µ
i such
that we have eiµe
µ
j = δ
i
j and e
i
µe
ν
i = δ
ν
µ. We assume that the quantities x and y are two constant parameters
different from zero. Inserting the expressions of α and µ in equations (40) and (41) leads to
Γτµν =
1
2
e τi (∂µe
i
ν + ∂νe
i
µ), (45)
Hτµν = κe
i
µe
j
νe
τ
k f
k
ij , (46)
with κ = −1
y
(x2 − x+ xy − 1
2
y).
The above Chiristoffel symbols Γτµν and torsion H
τ
µν are those corresponding to the following metric gµν and
anti-symmetric tensor bµν
gµν = Ωije
i
µe
j
ν , (47)
Hµντ = κΩlif
l
jke
j
µe
k
νe
i
τ , (48)
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where Ωij is an invertible bilinear form of the corresponding Lie algebra satisfying Ωijf
j
kl + Ωkjf
j
il = 0. By
solving the equations (45) and (46) we find that κ = 3
2
for the Nambu sigma model. To summarise, the Lax
pair construction for the Nambu sigma model represented by the metric and torsion in (47) and (48) is given
by
[∂ + x(g−1∂µg)∂ϕ
µ]ψ = 0, (49)
[∂¯ +
7x
2x+ 2
(g−1∂νg)∂¯ϕ
ν ]ψ = 0. (50)
6 Conclusion
Here, we have presented two dimensional Nambu sigma models on a manifold in general and on a Lie group as
a special case. In general, these models are not conformal or integrable and one can obtain conditions under
which they have these properties. When the Nambu structure on a Lie group is of order three, we have obtained
conditions under which this model is equivalent to a WZW model. Moreover, we have presented an example on
the Heisenberg Lie group for this case. As another example, we have presented the model constructed by the
Nambu structure of order three on the central extension of the 2D Poincare Lie group, such that this model is
integrable.
Acknowledgments: This research was supported by a research fund No. 217/d/1639 from Azarbaijan Shahid
Madani University. We would like to thank F. Darabi and Ali Eghbali for carefully reading the manuscript and
useful comments.
References
[1] A. M. Polyakov,”Quantum geometry of bosonic strings”. Phys. Lett. B103 (1981) 207-210.
[2] E. S. Fradkin and A. A. Tesytlin,”Quantum string thory effective action”. Nucl. Phys. B261 (1985) 1-27.
[3] C. G. Callan, D. Friedan, E. J. Martinec and M. J. Perry,”Strings in backgrond fields”. Nucl. phys. B262
(1985) 593-609.
[4] D. Friedan,”Nonlinear models in 2+3 dimensions”. Phys. Rev. Lett. 45 (1980) 1057-1060.
[5] L.Alvarez-Gaume, D. Z. Freedman and S-Muki. Annuals,”The background field method and the Ultraviolet
structure of the supersymmetric non linear sigma model.” Phys. 134 (1981) 85.
[6] P. Schaller and T. Strobl,”Poisson Structure Induced (Topological) Field Theories”, Mod.Phys.Lett. A9
(1994) 3129-3136, [hep-th/9405110] and ”Poisson-σ-models: A generalization of 2-d Gravity-Yang-Mills
systems”, [hep-th/9411163].
[7] R. Zucchini,”A sigma model field theoretic realization of Hitchins genaralized complex geometry”. JHEP
0411(2004) 045. hep-th/0409181.
[8] I. A. Batalin and G. A. Vilkovisky,”Quantization of gauge theories with Linearly dependent generators”.
Phys. Rev. D28 (1983) 2567.
[9] A. Rezaei- Aghdam,”Geometric structures in sigma models.” talk presented in ”Recent developments on
theoretical physics.” Azarbaijan Shahid Madani university. 3-6 september 2011; and in the ”11th workshop
on quantization, dualition and integrable systems.” Pamucale university, Denizli, Turkey. 21-23 April 2012.
[10] A. Rezaei- Aghdam and A. Taghavi. ”Nijenhous sigma models, a new integrable sigma models.”, work in
progress.
7
[11] Y. Nambu,” Generalized Hamiltonian Mechanics,”Phys. Rev. D7 (1973)2405-2412.
[12] L. Takhtajan, ”On Foundations of Generalized Nambu Mechanics,” Comm. Math. Phys. 160 (1994), 295-
315.
[13] J. A. de Azcarraga , A. M. Perelomov and J. C. Perez-Bueno,”New generalized Poisson structures,” J.Phys.
A: Math. Gen 29 (1996)L151-7. ”Schouten-Nijenhuis bracket, cohomology, and generalized Poisson struc-
tures,” J.Phys. A: Math. Gen 29 (1996)7993-8009.
[14] J. A. de Azcarraga , J. M. Izquierdo and J. C. Perez-Bueno ,”On the higher order generalizations of
Poisson structures.” J.Phys. A: Math. Gen 30 (1997)L607-16. R. Ibanez , M. de Leon , J. C. Marrero and
Martin de Diego D,”Reduction of generalized Poisson and Nambu-Poisson manifolds,” Rep. Math. Phys.42
(1998)71-90.
[15] Ph. Gautheron, ”Some remarks concerning Nambu mechanics”, Lett. Math. Phys. 37 (1996)103-116.
[16] D. Alekseevsky and P. Guha, ”On decomposibility of Nambu-Poisson tensor,”Acta. Math. univ. comen. 65
(1996)1-10.
[17] R. Ibanez, M.de Leon . J. C. Marrero and M.de Diego.”Dynamics of generalized Poisson and Nambu-
Poisson brackets,” J. Math. Phys. 38 (1997)2332-2344.
[18] J. Grabowski and G. Marmo,” Remarks on Nambu-Poisson and Nambu-Jacobi brackets,”J. Pys. A. Math
Gen. 32 (1999)4239-4247.
[19] N. Nakanishi, ”On Nambu- Poisson manifolds,”Rev. Math. Phys; (1998)499-510.
[20] N. Nakanishi, ”Nambu-Poisson tensors on Lie groups,”Banach center publication,v 5 (1973).
[21] N. Nakanishi”, Nambu-Lie groups endowed with multiplicative tensors of top order,”Kyoto-u. ac,
(2006)1504,54-59.
[22] S. Farhang-Sardroodi,A. Rezaei-Aghdam and L. Sedghi-Ghadim,”Nambu structures on four dimensional
real Lie groups,”[arxive:1206.1940 v 2[math-ph]].
[23] B. Jurco and P. Schupp, ”Nambu-Sigma model and effective membrane actions,” Phys. Lett. B713 (2012)
313. [arXiv:1203.2910 [hep-th]]. ”Nambu Sigma Model and Branes,” [arXiv:1205.2595 [hep-th]].
[24] A. B. Zamoldchikov, ”Irreversibility of the flax of the renormalizaion group in a 2-D field theory,” JETP.
Lett 43 1986 730-732.
[25] J. Patera, R.T. Sharp, P.Winternitz and H.Zassenhaus,”Invariants of real low dimensional Lie algebras”,
J. Math. Phys. 17 (1976) 986.
[26] C. R. Nappi and E. Witten,”A WZW model based on a non-semi-simple group,” Phys. Rev. Lett.
(1993).71:3751-3753.
[27] N. Mohammedi, ”On the geometry of classically integrable two-dimensional non-linear sigma models,” Nucl.
Phys. B389(2010) 420.
8
